We construct cubature formulas on spheres supported by homothetic images of shells in some Euclidian lattices. Our analysis of these cubature formulas uses results from the theory of modular forms. Examples are worked out on S n−1 for n = 4, 8, 12, 14, 16, 20, 23, and 24, and the sizes of the cubature formulas we obtain are compared with the lower bounds given by Linear Programming.
Introduction
For a dimension n 2 and a positive number r, let S n−1 r denote the sphere of equation x | x = r in the Euclidean space R n given with the canonical scalar product · | · , and let σ denote the rotation-invariant measure on such a sphere, normalised by σ(S n−1 r ) = 1; we write S n−1 for S n−1 1
. For an integer t 0, a cubature formula of strength t on S n−1 r is a pair (X, W ), where X is a finite subset of S for every polynomial function f : R n → C of degree at most t. The set X is the support of the cubature formula (X, W ), the points in X are its nodes, the values W (x) are its weights, and the cardinality |X| of X is its size. A spherical t-design on S n−1 r is a finite subset X of S n−1 r which, together with the constant weight (by necessity of value |X| −1 ), is a cubature formula of strength t.
There are existence results according to which, for any dimension n and strength t, there exist cubature formulas, and indeed spherical designs, of strength t on S n−1 . For cubature formulas, there are elementary arguments using general methods of convexity, which give some upper bounds on sizes (see Section 2); the existence of spherical designs is a particular case of results of [SeyZas84] , which do not provide meaningful size bounds. There are no known straightforward constructions, except for n = 2, in which case, for any t 0, the (t + 1)th roots of unity in C provide a spherical t-design on the circle; and in larger dimensions for low values of t (antipodal pairs, regular simplices, and regular hyperoctahedra are respectively spherical 1-, 2-, and 3-designs, of the lowest possible sizes).
It is therefore a natural question to ask for more explicit constructions. Some have been given in terms of orbits of finite groups on the sphere (see [HarPac04] ), and by other various methods (see [Bajn91] and later papers by Bajnok, [Kupe-a], [Kupe-b] , and [HadSlo96] for S 2 ). The object of the present paper is to describe constructions involving shells (or layers) of integral lattices in R n . They are elaborations of constructions which can also be found in [MartV01] , [Pach-a] , and [HarPac-a] .
Let E be a discrete subset of R n . For any m > 0, denote by E m the shell E ∩ S n−1 m . If m 1 , . . . , m r are pairwise distinct positive numbers such that each shell E mj is non-empty, the union of the sets 1 √ mj E mj is a finite subset (possibly with multiplicities) of the unit sphere in R n . Spherical designs and cubature formulas which appear below have supports of this kind, where E is either an integral lattice in R n or a union of lattices; observe that they are all antipodal, namely that X = −X and W (x) = W (−x) for all x ∈ X.
Results on S 3
Let us describe some examples provided by this method when n = 4, and compare them to known lower bounds for sizes and to other known examples. For n 4, the root lattice of type D n is the integral lattice D n = {x ∈ Z n | x 1 + · · · + x n ≡ 0 (mod 2)}.
(We denote root systems as D n by bold letters and lattices as D n by thin letters.) It is important for our computations that D 4 is a 2-modular lattice (the definition is recalled in Section 4 below). For n 5, n = 7, it is known that each shell (D n ) 2m is a spherical 3-design which is in general not of strength 4; for n = 4, each shell (D 4 ) 2m is a spherical 5-design which is in general not of strength 6 (it has been checked in [Pach-a] that it is never of strength 6 for 2m 1200). The sizes of the shells of the root lattice of type D 4 are given by the coefficients of the theta series 
(i) For any even integer 2m 2, the shell E 2m is a spherical 7-design; in particular, E 2 is a spherical 7-design of size 48 in S 3 2 .
(ii) The two shells E 2 , E 6 provide the support X =
E 6 of a cubature formula of strength 11 and size 240.
(iii) Similarly,
E 10 is the support of a cubature formula of strength 15 and size 528.
Claim (i) for E 2 appears already in Section 6 of [GoeSei81] , where the authors observe that E 2 is an orbit of the Weyl group of type F 4 . Claim (i) of Theorem E 8 below and the analogous result involving the two shortest shells of a Leech lattice appear also in [GoeSei81] .
For comparison, here are some known results concerning the 3-sphere. Dickson reports on a formula due to Liouville (1859) which essentially shows that the system of roots (D 4 ) 2 of type D 4 is a spherical 5-design, a formula due to Kempner (1912) There is a formula of strengh 7 and size 46 described in [HadSlo94] .
There is an exceptional regular polytope in dimension four known as the 600-cell. It has 120 vertices which constitute a spherical 11-design; it is an orbit of a Coxeter group of type H 4 . Any orbit of this group is a spherical design of strength 11, but there is a special orbit of size 1440 which is of strength 19; see [GoeSei81, Section 5] . Another cubature formula of the same strength, 19, and of size 720 appears in [Sali75] : its support is the union of the 120 vertices and of the 600 centers of faces of the 600-cell.
The best lower bounds known to us for the size of cubature formulas in S 3 are listed in Tables 6 and 7 of Section 7.
Results on S
7 Let Γ 8 be a Korkine-Zolotareff lattice, namely an even unimodular lattice of dimension 8 (uniquely defined up to isometry by these properties). Such a lattice is generated by a root system of type E 8 . The sizes of its shells are given by the coefficients of the theta series Theorem E 8 . Set E = Γ 8 .
(i) The two shells E 2 , E 4 provide the support X =
• the 3-modular Quebbemann lattice Q 14 ,
• the 2-modular Barnes-Wall lattice BW 16 ,
• the 2-modular Nebe lattices N 20 (three of them),
• the 3-modular Nebe lattice N 24 , and
• the shorter Leech lattice O 23 (which is up to isometry the unique unimodular integral lattice Λ in R 23 with Λ 1 = Λ 2 = ∅).
Constructions with one shell of these lattices are already described in [BacVen01] . Our results appear in Tables 9 to 14 of Section 7.
2 Bounds on the size of cubature formulas
For fixed values of n and t, we are interested in constructing cubature formulas on S n−1 r of strength t of small size; it is therefore useful to estimate the minimal size that such a cubature formula can have. We recall in this paragraph some general results on this subject.
Let b(n, t) be the minimal size of a spherical cubature formula on S n−1 r of strength t.
Linear Programming bound [DeGoSe77, Theorem 5.10], see also [Yudi97] Let Q (k) , k ∈ Z 0 , be the orthogonal polynomials for the scalar product
is a lower bound for b(n, t). Moreover, it is a consequence of [NikNik02, Therorems I and 2.7] that there exists a polynomial function F ∈ M (n, t) for which b LP (n, t) = F (1)/F 0 . When t is odd, we show:
1. Proposition. Let t = 2s + 1, and let
The result follows.
In general, the exact value of b LP (n, t) is not known. The following bounds are obtained by chosing a particular F in M (n, t): if t = 2s + 1. We obtain the bounds
Moreover, it is known that, if n 3, the equality b(n, t) = b D (n, t) is possible only for some values of (n, t): see [BanDam79], [BanDam80] , and [BaMuVe02] . There also exists a criterion to decide when b D (n, t) = b LP (n, t): see [NikNik02, Theorem I].
Yudin bound [Yudi97]
Another choice of F gives the bound
where γ is the largest root of the polynomial Q (t+1) ′ .
Special cases
For some values of (n, t), it is possible to compute the exact value of b(n, t). For example, it is shown in [Andr00] that b(4, 11) = b LP (4, 11) = 120.
Numerical estimate of the Linear Programming bound
For fixed values of (n, t), t = 2s + 1, the following procedure gives an estimate of the Linear Programming bound b LP (n, t). (There is a similar procedure when t is even.)
• Choose a degree d s, and a finite subset A ⊆ [0, 1] of well-distributed points, for example A = {i/N | i = 0, 1, . . . , N } with N large.
• By linear programming, find, among all polynomial F satisfying
the polynomial minimizing F (1); denote it by G.
• Set ǫ := − inf x∈[0,1] G(x) 0. The polynomial G := G+ǫ is in the set M (n, t), and we have the estimate
Note that we have also b
Yet, if d is sufficiently large and A sufficiently dense, 2 G(1)/ G 0 is a good approximation of b LP (n, t). In practice, we first apply the procedure with a relatively large d and a relatively small set A; we observe that G k = 0 for k > d 0 . Then we apply the procedure with d = d 0 and with a larger set A.
The procedure just described imitates the one used in [ConSlo99, Chap. 13] to compute bounds for kissing numbers.
We end this section with another kind of bound. Set
). This number is the dimension of the space of the restrictions to the sphere of the polynomial functions of degree at most t.
2. Proposition. For every n and t, there exist cubature formulas with at most max{1, B(n, t) − 1} nodes.
3. Proposition. Let (X, W ) be a cubature formula on S n−1 r of strength t. Then there exist a subset X ′ ⊆ X and a weight function
See [HarPac-a, Proposition 2.6]. The second proposition is a consequence of the proof of the first one and provides an algorithm for computing (
Note however that these propositions do not hold for spherical designs (case of constant weights).
Harmonic polynomials
It is sufficient to check condition (CF) in the definition of cubature formulas for harmonic polynomials only. Recall that a smooth function f on R n is harmonic if ∆f = 0, where ∆ =
2 is the usual Laplacian. We denote by H (k) (R n ) the space of harmonic polynomial functions R n → C that are homogenous of degree k. It is a classical fact that the space of restrictions to S n−1 of homogenous polynomials of degree at most t coincides with the space of restrictions of the direct sum
. This implies the following well-known criterion; see for example [VenMar01, Theorem 3.2] (details are written there for spherical designs, but the proof carries over to cubature formulas).
4. Proposition. Let X be a finite subset of some sphere S n−1 m in R n , let W : X → R >0 be a weight function, and let t 0 be an integer. Then (X, W ) is a cubature formula of strenght t on S n−1 m if and only if x∈X W (x) = 1 and
Let O(n) be the orthogonal group of the Euclidean space R n ; this group acts by isometries on the sphere S n−1 r . Moreover, O(n) acts naturally on
Whenever a group G acts on a space V , we denote by V G the subspace of all elements of V fixed by G.
Proposition 4 above can be refined in the case the cubature formula is invariant by a finite subgroup of G. Namely, we have the following result, known as Sobolev's theorem ([Sobo62] , see also [Sobo96, Chap. 2, § 2, Theorem 2.3]):
5. Proposition. Let X be a finite subset of S n−1 r and W : X → R >0 be a weight function. Let G be a finite subgroup of O(n) leaving (X, W ) invariant, that is gx ∈ X and W (gx) = W (x) ∀x ∈ X, ∀g ∈ G.
Then (X, W ) is a cubature formula of strength t if and only if
On the one hand, the G-invariance of (X, W ) implies
and, on the other hand, the G-invariance of the Lebesgue measure implies
The result follows from Proposition 4.
Modular forms
This section is a reminder from [BacVen01] . Consider a lattice Λ in R n and a homogeneous harmonic polyomial P ∈ H (k) (R n ) of degree k. The theta series of Λ with harmonic coefficient P is the formal power series Θ Λ,P defined by
In case P = 1, we write simply Θ Λ . Set
with H = {z ∈ C | ℑz > 0} the Poincaré half-plane; the theta series Θ Λ,P converges uniformly on every compact subset of H and defines consequently a holomorphic function on H. When the lattice Λ satisfies appropriate conditions, this function is a modular form of weight ω, and we can use results on modular forms for the computation of the theta series. Let us first describe the class of lattices which plays the most important role below. A lattice Λ in R n is even if x | x ∈ 2Z for all x ∈ Λ; such a lattice is contained in its dual Λ * = {y ∈ R n | Λ | y ⊆ Z}, and there are integers ℓ 1 such that √ ℓ Λ * is again even (ℓ is not unique since, if √ ℓ Λ * is even, so is √ k 2 ℓ Λ * for k 1). For given integers n and ℓ, denote by Lat n (ℓ) the class of even lattices Λ such that Λ ′ := √ ℓ Λ * is even and det(Λ ′ ) = det(Λ); the latter condition implies that det(Λ) = ℓ n/2 . Clearly, if Λ ∈ Lat n (ℓ), then Λ ′ ∈ Lat n (ℓ). A lattice Λ ∈ Lat n (ℓ) is ℓ-modular if Λ ′ is equivalent to Λ. Now, we describe the modular forms associated to these lattices. For ω a nonnegative integer and ǫ ∈ {+, −}, we define
as the space of holomorphic function f : H → C that verify ( * )
for all z ∈ H, and that are holomorphic at infinity, i.e., bounded on {z ∈ H | ℑz > y 0 } for y 0 > 0. This means that f can be written as
We give here the classical terminology: A modular form of weight ω 0 for a discrete group Γ ⊆ SL 2 (R) and a character χ : Γ → R is a holomorphic function f : H → C that is holomorphic at infinity and that satisfy
A parabolic form is a modular form f that is zero at infinity, namely such that f (∞) = 0. For ℓ a positive integer, let Γ * (ℓ) be the subgroup of SL 2 (R) generated by
For any integer s, let χ s be the multiplicative character of Γ * (ℓ) defined by 
and for the character χ ω , respectively χ ω+2 .
6. Lemma. For ℓ ∈ {1, 2, 3}, the group Γ * (ℓ) is generated by T and S ℓ . in particular, for these values of ℓ, we have
Proof. Let ℓ ∈ {1, 2, 3} and γ ∈ a b c d ∈ Γ * (ℓ). We show, by induction on c 2 ∈ N, that γ ∈ T, S ℓ , where T, S ℓ denotes the group generated by T and S ℓ . If c = 0, then γ = ( 1 m 0 1 ) = T m for an integer m; thus γ ∈ T, S ℓ . If c = 0, let k ∈ Z such that |d + kc| |c/2|. We have
and
7. Proposition. Let Λ ∈ Lat n (ℓ), where ℓ is a positive integer. Then
and, if 2h ≡ 2 mod 4, It is straightforward that the theta series involved are holomorphic in H and holomorphic at infinity. Now, by Lemma 6, it is sufficient to check that the theta series satisfy Equations ( * ).
As Λ and Λ ′ are even, we have clearly Θ L,P (z + 1) = Θ L,P (z) for L = Λ or Λ ′ . Now, as a direct consequence of the Poisson Summation Formula-see for example [Ebel94, Prop. 3.1, p. 87]-we have, for any lattice L of rank n and any
From this formula, we deduce, for
These are M + (ℓ)-modules graded by the weight. For some values of ℓ, the structure of these algebras is known:
Remark. In general, the numerical subscript of modular forms given below indicates the double of its weight; for example ∆ 24 ∈ 0 M 12 (1) is of weight 12, and Θ E8 ∈ M 4 (1) is of weight 4. We have made an exception for the Eisenstein series E (k) , for which we have retained the traditional notation.
8. Theorem. Let ℓ be 1 or a prime number such that ℓ + 1 divides 24. Let k 0 , k 1 and k 2 given by
Then, we have
where
and where L 0 is given in Table 1 . 
For ℓ = 1, the modular forms of the theorem are ∆ 24 = η(z) 24 , whose Fourier coefficients are the Ramanujan numbers, Θ E8 = E (4) , and Φ 36 = ∆ 24 E (6) , where E (k) is the Eisenstein series of weight k. Tables 1 to 3 give the theta series θ 2k0 , ∆ 2k1 and Φ 2k2 for all possible values of ℓ. In the third column of Table 1 , the lattice L 0 is designated either by a root system that generates it (e.g., E 8 ), or by a quadratic form (e.g., ( 2 1 1 4 )). In Table 3 , P k is a suitable element of H (k) (R n ), the lattice L 4 is the unique (up to isometry) 4-dimensional lattice of minimum 4 and determinant 11 2 , and the lattices L Table 1 . We normalize Φ 2k2 by Φ 2k2 = q 2 + O(q 4 ).
Construction of cubature formulas using shells of lattices
Let G be a finite subgroup of O(n), and let X 1 , X 2 , . . . , X r be nonempty finite subsets of S n−1 such that G X j = X j . Consider the set 
The following statement, together with Proposition 5, is fundamental in our analysis.
9. Lemma. Let G be a finite subgroup of O(n), and let E ⊆ R n be a discrete set that is invariant by G. Let m 1 , m 2 , . . . , m r be pairwise distinct positive numbers, let
where E m = {x ∈ E | x | x = m}. Let X = r j=1 X j and W 1 , . . . , W r > 0, and let k be a positive integer.
Assume that there exist formal series
such that, for every P ∈ H (k) (R n ) G , the theta series Θ E,P is of the form
Then, for the condition
Proof. Assume that Equation (♯) holds, and let
Since P is homogeneous of degree k, we have
Applications
If not otherwise specified, Lemma 9 is applied with the trivial group G = {id}. In this section, we do not give the details for all lattices we have considered, but we have made a selection which reflects most situations that may occur. All cubature formulas we have obtained are listed in Section 7 below.
The Leech lattice
Let Λ be the Leech lattice, namely the unique (up to isometry) even unimodular lattice of dimension 24 and of minimum 4. Let P ∈ H (2h) (R n ). From Proposition 7 and Theorem 8, we deduce (using Λ ′ = Λ):
where c 1 and c 2 are linear forms on H (12) (R 24 ) and H (16) (R 24 ) respectively. The first coefficients of these theta series are 
Since Θ Λ,P = 0 for P ∈ H (2h) (R 24 ), 2 2h 10, it follows from Proposition 4 that every shell of the Leech lattice is a spherical 11-design. Now, we want to find cubature formulas of higher strengths using the construction of Section 5. Consider the set
The two sets X 1 and X 2 are disjoint. Indeed, if we had x ∈ X 1 ∩ X 2 , we would have √ 4 x ∈ Λ 4 and √ 6 x ∈ Λ 6 ; but √ 4 x | √ 6 x = 2 √ 6 x | x = 2 √ 6, which is impossible since Λ is integral.
We want to find out the numbers W 1 and W 2 such that (X, W ) is a cubature of strength 15 (same notation as in Section 5). For this, we have to fulfill the conditions
The first condition is equivalent to So we get a cubature formula of size 196 560 + 16 752 960 = 16 949 520.
We can obtain in the same way a cubature formula of strength 17 by using the shells of norm 4, 6, and 8, and a cubature formula of strength 19 by using the shells of norm 4, 6, 8, and 10 of the Leech lattice.
The Korkine-Zolotareff lattice
Let Λ be the Korkine-Zolotareff lattice, namely the unique (up to isometry) even unimodular lattice of dimension 8. It is the lattice generated by the root system of type E 8 . From Proposition 7 and Theorem 8, we deduce (using Λ ′ = Λ):
So, by Proposition 4, any shell of the Korkine-Zolotareff lattice is a spherical 7-design, and we can obtain a cubature formula of stength 11 by combining the shells of norms 2 and 4. But if we try to obtain a cubature formula of strength 13 of nodes
we obtain the weights
with W 1 negative. A similar problem occurs if we try to use the shells of norm 2, 4 and 8. Therefore, in order to get a true cubature formula with positive weights, we have to use
We obtain the weights
Here, we have X 1 ⊆ X 3 , since 2x ∈ Λ 8 if x ∈ Λ 2 . Therefore, we obtain a cubature formula of strength 13 of size |X| = |X 2 | + |X 3 | = 6 720 + 17 520 = 24 240
and of weights
The Barnes-Wall lattice of dimension 16
Let Λ be the Barnes-Wall lattice of dimension 16. It is a 2-modular lattice, that is Λ ′ := √ 2Λ is equivalent to Λ, and it is of minimum 4. From Proposition 7 and Theorem 8, we have:
and therefore
Every shell of Λ is a spherical 7-design, and we obtain a cubature formula of strength 9 by combining two different shells of Λ, for example Λ 4 and Λ 6 . We also obtain a cubature formulas of strength 11 of support
(Λ∪Λ ′ ) 6 , and a cubature formulas of strength 13 of support
(Λ∪Λ ′ ) 10 .
The D 4 root lattice
Let Λ be the lattice generated by the root system D 4 . It is a 2-modular lattice.
Here, we will apply Lemma 9 with
We now describe Λ, Λ ′ and G. We have
The group Aut(Λ) contains (actually, is) a reflection group, denoted by W(F 4 ), which is generated by the 24 reflections x → x − 2 
where the symmetric group S 4 acts by permuting the coordinates. For our purpose, it is better to choose the basis The orthonormal transformation
is generated by Aut(Λ) and T . The action of T on the polynomials H k is:
Therefore, the polynomials that are invariant by G are linearly generated by the polynomials
Let P (k) (R n ) be the space of homogeneous polynomial functions on R n of degree k. Since H (k) (R n ) is the kernel of the surjective G-equivariant Laplacian ∆ :
We can compute
So, we have by Proposition 7,
Thus, using Lemma 9 together with Proposition 5, we obtain cubature formulas of strengths 11 and 15 by combining two or three shells of Λ ∪ Λ ′ . Note however that certain combinations of shells, such as
because Lemma 9 can provide a degenarate linear equations system. (In the present example, we have indeed
The shorter Leech lattice
Let Λ be the unique (up to isometry) odd unimodular integral lattice of dimension 23 and of minimum 3; it is the shorter Leech lattice. As for even ones, the theta series of odd unimodular lattices can be computed: see [Pach-a]. So, we can apply our method to construct cubature formulas from the shells of Λ.
Cubature formulas obtained by our construction
The cubature formulas we obtain by our method are summarized in Tables 6 to 14 . These tables involved the lattices listed in Tables 4 and 5 .
In Tables 6 to 14 , the column "bound" indicates the lower bound of the size of cubature formulas of strength t on S n−1 obtained by Linear Programming. The indication in parentheses has the following meaning:
• (LPd) refers to the estimate of the Linear Programming bound obtained by the procedure described in Section 2, paragraph "Numerical estimate of the Linear Programming bound", where 2d is the degree of the polynomial used for the estimate. The calculations have been performed with "Maple" software, using the "Optimization" package. Because of limitations in time and memory of our computer, we have not always chosen an optimal d, in which case we write (LP d); similarly, when the bound we have found can almost certainly be improved, we put the sign before it.
• (T) refers to the Delsarte or (Fisher-type) bound; it is the same as (LPd) when 2d + 1 = t (the strength).
• When it is known that tight spherical designs with the corresponding parameters (n, t) do not exist, we note (D) to indicate the Delsarte bound increased by 1
The columns "set" and "shells" indicate respectively the set E and the shells m j used in the construction of Section 5, according to the notation of Lemma 9. The column "size" gives the size of the cubature formula so constructed.
In the case n = 4, we have also listed in Table 7 the cubature formulas of smallest known sizes for fixed values of t;
Most spherical designs with n 24 described in [BacVen01, 
